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NONISOTRIVIAL FAMILIES OVER CURVES
WITH FIXED POINT FREE AUTOMORPHISMS
DAJANO TOSSICI - FRANCESCA VETRO
We construct for any smooth projective curve of genus q ≥ 2 with a ﬁxed
point free automorphism a nonisotrivial family of curves. Moreover we study the
space of the modular curves and one of the parameters.
1. Introduction.
It has been conjectured by Shafarevich in 1962 that for every g ≥ 2,
every curve B and every ﬁnite subset S of B the set of nonisotrivial families
of curves of genus g over B \ S is ﬁnite (see below for what we mean for
curve). The proof of this statement is due to Parshin (S = ∅, [15]) and
Arakelov (S �= ∅, [1]). We are interested to the case S = ∅. We stress that
there are no nonisotrivial families of curves over curves with genus at most
one ([4]). The ﬁrst examples of nonisotrivial families of curves over a curve
has been given by Atiyah ([2]) and, independently, by Kodaira ([13]).
It is well known that to every family X → B of curves of genus g
over a curve B is associated a moduli map B → Mg , where Mg is the
moduli space of curves of genus g. The images of these maps are called
modular curves. If we consider only curves B of genus q we indicate the
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space of these modular curves with Wqg ⊆ Mg . We prove that for every
g ≥ 3 there exists q0(g) ≥ g such that the generic curve of genus g
is the ﬁber of a family over a curve of genus q0(g), i.e. Mg = W
q0(g)
g .
Moreover we call Zqg ⊆ Mq the space of curves of genus q which are base
of some families of curves of genus g. We don’t know if also the space of
parameters, Zq =
�
g Z
q
g , coincides with the space of moduli curves Mq .
In the last two sections of the paper we give examples of nonisotrivial
families of curves over a curve and we investigate the spaces determined by
these families in the space of parameters. We observe that the example of
Flexor ([11]) and Kodaira ([13]) have two different ﬁbrations one of which
gives
dimZq ≥ dimEq
where the last one is the space of curves of genus q which are e´tale covering
of some curve. (In reality the example of Kodaira is valid only for q odd).
As a particular case of our construction we obtain nonisotrivial families
over every curve with a ﬁxed point free automorphism. So we can give a
better lower bound for the dimension of the space of parameters. In fact this
one is greater than the dimension of the space of curves of genus q with a
free ﬁxed point automorphism.
Our examples are a generalization of an example of Bryan and Donagi
([6]).
Notation. In the paper, if not differently speciﬁed, for curve we mean a
nonsingular complete irreducible curve over C. And for a family of curves
of genus g we mean a ﬂat surjective morphism X → Z with X and Z
integral varieties and curves of genus g as ﬁbers.
2. The space of modular curves and the space of parameters.
In this section we give some result about the space of modular curves.
Deﬁnition 2.1. A family of curves X → Z is called isotrivial if there exists
a curve C such that for every z ∈ Z the ﬁber Xz is isomorphic to C .
Remark 2.2. We recall that every family f : X → Z of curves of genus
g determines a morphism ϕ f : Z → Mg deﬁned by z → [Xz]. This
morphism is called moduli map of f . So we have that a family is isotrivial
if and only if its associated moduli map is constant. In particular we have
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that a family is isotrivial if and only if it is true in an open of Z .
Deﬁnition 2.3. We call modular curve a curve C ⊆Mg , not necessarily
nonsingular, which is image of a moduli map ϕ : B → Mg , with B curve.
Deﬁnition 2.4. For every q and g we deﬁne
Wqg =
�
ϕ∈Hom∗(B,Mg)
[B]∈Mq
Imϕ ⊆ Mg
where Hom∗(B,Mg) is the set of nonconstant moduli maps, i.e. maps
induced by nonisotrivial families. And we call Wg =
�
q
Wqg the space
of modular curves.
Symmetrically we have the following deﬁnition.
Deﬁnition 2.5. For every q and g we set
Zqg = {[B] ∈ Mq s.t. Hom
∗(B,Mg) �= ∅}⊆Mq
and we call Zq =
�
g
Zqg the space of parameters.
We remark that these spaces are empty if g ≤ 2 or if q ≤ 1. In fact if
g ≤ 2, Mg is afﬁne, as it is a point or the space of moduli of hyperelliptic
curves. While for q ≤ 1 (see [17], Theorem 4).
We prove that Wqg and Z
q
g are constructible spaces. We use the follow-
ing result.
Proposition 2.6. Let X → Z be a family of curves of genus g. Then for
every g the Z -set Hom∗Z (X,Mg)⊆HomZ (X,Mg × Z), whose ﬁber over
z ∈ Z is the set Hom∗(Xz,Mg), is constructible.
Proof. See the proof of Proposition 3.2 in [9]. �
Lemma 2.7. For every q and g the set Zqg ⊆Mq is constructible.
Proof. Using the notation of the previous proposition consider as X → Z
the universal family CN → MNq of the space of curves of genus q with
level N-structure, with N ≥ 3. Then the previous result tell us that
Hom∗
MNq
(CN ,Mg) is constructible. We recall that there is a ﬁnite morphism
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MNq → Mq . (For further details on M
N
q see [16], Lecture 10). So we are in
the following situation
Hom∗
MNq
(CN ,Mg)
��
⊆ HomMNq (C
N ,Mg ×MNq )
�� ��
���
���
���
���
���
��
MNq
��
Mq
The set Zqg ⊆Mq is nothing else but the image of Hom∗MNq
(CN ,Mg) in
Mq . So we have the lemma. �
Lemma 2.8. For every q and g the set
Wqg ⊆Mg
is constructible. Moreover
dimWqg ≤ dimZ
q
g + 1.
Proof. Let
C
N
��
�
��
��
��
�
Hom∗
MNq
(CN ,Mg)
�� �
��
��
��
MNq
��
Mq
the maps described above. We consider the valuation map
ψ : CN ×Mq Hom
∗
MNq
(CN ,Mg)→ Mg
deﬁned by ψ((x, ϕB)) = ϕB(x), with x ∈ B e ϕB : B → Mg a nonconstant
moduli map. We have
Imψ =Wqg,
so Wqg is constructible, being the image of a constructible set. Therefore we
have proved the ﬁrst assertion.
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By the Theorem of Parshin the natural map Hom∗
MNq
(CN ,Mg) → Mq
has ﬁnite ﬁbers. From the other side CN → Mq has ﬁbers of dimension 1.
So, by the theorem on the dimensions of ﬁbers, we have
dimHom∗
MNq
(CN ,Mg) = dimZ
q
g
dimCN = dimMq + 1.
Now applying the theorem on the dimensions of ﬁbers to the map ψ
we have
dim Imψ = dimWqg ≤ dimC
N ×Mq Hom
∗
MNq
(CN ,Mg) = dimZqg + 1.
�
We study some properties of these sets.
Lemma 2.9. Let X → B be a family of curves of genus g over a curve B
of genus q ≥ 2. Then for every q � such that (q − 1)|(q � − 1) there exists a
family X � → B � of curves of genus g such that g(B �) = q �. Moreover the
moduli maps associated to B → Mg and B � → Mg have the same image.
Proof. In fact for every n there exists an e´tale covering f : B � → B of
degree n. We set n =
q � − 1
q − 1
and we consider
X � = X ×B B �.
For every b ∈ B � we have X �b = X f (b) so the ﬁbers of X
� → B � have the
same genus of ones of X → B and moreover their moduli maps have the
same image. On the other hand, using Riemann-Hurwitz formula we obtain
the assertion about the genus of B �. �
Remark 2.10. From any family of curves of genus g over a curve of genus
2, by the previous lemma, we can construct families of curves of genus g
over curves of any genus.
Now we prove a result about the space of the modular curves. This has
been proved, independently by us, also by Caporaso and Sernesi (unpub-
lished).
Lemma 2.11. Let Z be an integral variety and ϕ : Z → Mg a map. Then
there exists a ﬁnite dominant map f : Z � → Z , with Z � integral such that
ϕ ◦ f is a moduli map. In particular every complete curve C ⊆Mg , not
necessarily nonsingular, is modular.
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Proof. We consider the ﬁnite morphism F : MNg → Mg with N ≥ 3. Then
we consider the pull-back of the map ϕ
Z �
ψ
��
f
��
MNg
F
��
Z
ϕ
�� Mg
and we obtain a ﬁnite map f : Z � → Z . Taking, possibly, one of its irre-
ducible component which dominate Z and the reduced variety associated
to this one, we can suppose Z � integral (the commutative diagram above
will not remain cartesian in general). Then, as MNg is a ﬁne moduli space,
there exists a family of curves of N -level X → Z � associated to the map
ψ : Z � → MNg . If we consider this family simply as family of curves, the
associated moduli map is
ϕ ◦ f = F ◦ ψ : Z � → Mg.
So we have the ﬁrst assertion of the lemma.
By what we have proved, for a curve C ⊆Mg , there exists a family over
a ﬁnite cover of the normalization of C such that the image of the associated
moduli map is C . So C is a modular curve. �
Proposition 2.12. For every g ≥ 3 there exists q0(g) such that the generic
curve of genus g is a ﬁber of a family of curves with base of genus q0(g),
i.e.
Mg =W
q0(g)
g .
Moreover for every such q0(g) we have q0(g) ≥ g.
Proof. If g ≥ 3 the Satake compactiﬁcation of Mg is a projective
compactiﬁcation of Mg such that the complement of Mg has codimension
2. So every point [B] of Mg lies on a complete curve C , not necessarily
nonsingular, entirely contained in Mg . But thanks to the previous lemma
we have that C is modular. So
(2.1) Mg =
�
q
Wqg =
�
q
Wqg.
By (2.1) we have that Mg is a numerable union of closed subspaces.
This is clearly possible if and only if one of this subspace is all Mg . So we
have proved the ﬁrst assertion.
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Moreover by 2.8 for every q, g
dimWqg ≤ dimZ
q
g + 1.
If q0(g) < g we would have
dimWq0(g)g ≤ dimZ
q0(g)
g + 1 ≤ 3q0(g)− 2 ≤ 3g − 5.
Then Wq0(g)g would be a proper subset of Mg (of codimension at most 2)
but it is in contradiction with the deﬁnition of q0(g). �
Now we stress some relations between the various spaces Wqg and Z
q
g .
By 2.9 we have for every g
(2.2) Wqg ⊆W
q �
g
if (q − 1)|(q � − 1). In particular W2g ⊆W
q
g for every q .
Therefore by 2.8 and (2.2) follows that
(2.3) dimWqg ≤ dimZ
q �
g + 1
if (q − 1)|(q � − 1).
Remark 2.13. Thanks (2.2) we can see that, for every g ≥ 3, there are
inﬁnite q0(g) which satisfy the proposition 2.12.
3. Families over curves with ﬁxed point free automorphisms.
In this section we construct nonisotrivial families over curves of genus
≥ 2 with a ﬁxed point free automorphism.
Lemma 3.1. Let f be a ﬁxed point free automorphism of a curve B of
genus at least 2. Then, for every n ∈ N, there exists an e´tale covering (not
necessarily connected) δ : �B → B of degree n2q , with q equal to the genus
of B, such that the divisor D = ��f − �δ has a n-th root in Pic(�B × B),
where �f = f ◦ δ. For any morphism g : X → Y we denote with �g its
graph.
Proof. Let �B = {(L , b) ∈ Pic0(B)× B s.t. L⊗n � f (b)− b}
and δ the projection over B . Obviously δ is an e´tale morphism of degree
n2q . Then we deﬁne �f = f ◦ δ. This is a morphism of degree n2q .
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We ﬁx p0 ∈ B . Let M ∈ Pic0(�B) such that M⊗n � �f −1(p0)−δ−1(p0).
The Poincare´ bundle P → Pic0(B) × B is uniquely determined by
specifying that P restricted to Pic0(B)× {p0} is trivial.
We use the same letter P to denote the pullback of P by the following
composition
B˜ × B
i×id
−→ Pic0(B)× B × B
p13
−→ Pic0(B)× B
where i : �B → Pic0(B) × B is the natural inclusion and p13 is the map
deﬁned by (L , p, q) �→ (L , q).
We set L = P⊗π∗M , where π : B˜ × B → B˜ is the projection, and
we claim that L⊗n � D.
It is sufﬁcient to prove that L⊗n and D coincide on the ﬁber over p0
and on all the ﬁbers over points of B˜ .
Let x = (L , b) be any point of B˜ . By construction we have
L
⊗n
|{x}×B = P
⊗n
|{x}×B⊗π
∗M|{x}×B
� L⊗n⊗OB
� L⊗n
� f (b)− b
= �f (x)− δ(x)
= D|{x}×B
and
L
⊗n
|B˜×{p0} = P
⊗n
|B˜×{p0}⊗π
∗M⊗n |B˜×{p0}
� O�B⊗M⊗n
� M⊗n
� �f −1(p0)− δ−1(p0)
= D|B˜×{p0}.
�
Theorem 3.2. If B is a curve of genus q ≥ 2 with a ﬁxed point free
automorphism f then for every n ≥ 2 there exist families over B and over
an e´tale connected covering �B of degree n2q with base and ﬁber genera
(qi , gi) equal to
(q1, g1) = (q, n2q(nq − 1)+ 1),
(q2, g2) = (n2q(q − 1)+ 1, nq).
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Proof. We use the notation of above lemma. We suppose for the moment
that B˜ , constructed in the proof of lemma, is connected. Then we have L
such that L⊗n � D = ��f − �δ . So we can deﬁne
Xn = {(v1 : v2) ∈ P(L⊕ O) s.t. (vn1 : v
n
2 ) = (s1 : s2)}
where s1 is a section of O(��f ) and s2 a section of O(�δ) that vanish,
respectively along ��f and �δ so that (s1 : s2) is in P(O(��f ) ⊕ O(�δ))
which is the same of P(O(��f − �δ) ⊕ O). Moreover Xn → B˜ × B is a
cyclic covering ramiﬁed over D.
Using Hurwitz formula we obtain
g(B˜) = n2q(q − 1)+ 1.
If we consider the ﬁbration Xn → B (so q1 = q) we have for
every b ∈ B a cyclic covering (Xn)b → B˜ of degree n ramiﬁed over
D|B˜×{b} = �f −1(b)− δ−1(b). Using again Hurwitz formula we have
g1 = g((Xn)b) = n2q+1(q − 1)+ n2q(n − 1)+ 1 = n2q(nq − 1)+ 1.
Now the coverings (Xn)b → B˜ vary in an inﬁnite set (as the ram-
iﬁcation locus varies in an inﬁnite set). Therefore the de Franchis-Severi
theorem (see 3.6) ensures that the ﬁbration is nonisotrivial.
Now we consider Xn → B˜ (so q2 = n2q(q − 1) + 1). For every
x ∈ B˜ we have the cyclic covering (Xn)x → B ramiﬁed over D|{x}×B =
f˜ (x)− δ(x). So
g2 = n(q − 1)+ n = nq.
Reasoning as above we have that the family is nonisotrivial.
Now we prove that �B can be taken connected. We suppose that B˜ is
disconnected with N components. Since δ : B˜ → B is a normal covering,
N must divide n2q , the degree of f˜ : B˜ → B and δ : B˜ → B . Fix a
connected component B˜ � of B˜ and let X �n be the corresponding component
of Xn . Note that X �n → B˜
� × B is the corresponding cover determined
by L� := L|B˜ �×B . The degree of �f|B˜ � and δ|B˜ � is n2qN . Now consider
any connected, unramiﬁed, degree N covering p : B �� → B˜ � and let
f �� = �f|B˜ � ◦ p : B �� → B and δ�� = δ|B˜ � ◦ p. The degree of f �� and δ�� is n2q .
We observe that p∗(L�)⊗n � O(� f �� −�δ��) so that p∗L� deﬁnes an n-cyclic
branched cover of X ��n = B
�� × B ramiﬁed along � f �� − �δ�� . Obviously the
computations of the base and ﬁber genera of the ﬁbrations X ��n → B
�� and
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X ��n → B proceed identically with the corresponding computations for X n
done previously. �
Corollario 3.3. For every n, q ≥ 2 and for every e ≥ 1, there exist
nonisotrivial smooth ﬁbrations over B and �B with base and ﬁber genera
(qi , gi) equal to
(q1, g1) = (e(q − 1)+ 1, n2q(nq − 1)+ 1)
(q2, g2) = (n2qe(q − 1)+ 1, nq).
Proof. We apply the previous theorem and 2.9. �
Remark 3.4. The ﬁbers of the families we have constructed are all curves
with automorphisms because they are of type X �/G for some curve X �
and some cyclic group G . Because G is a subgroup of the group of
automorphisms of the curve this one is not empty.
Remark 3.5. A curve C appears as ﬁber of at most a ﬁnite number of
families constructed above. In fact if it is a ﬁber of a family X → B or
X → �B as above then there is a morphism C → B . But the de Franchis-
Severi theorem, ensure us that there are only a ﬁnite number of such B , and
therefore of �B . Moreover the Parshin theorem tell us that for every B there
are only a ﬁnite number of families over B and �B .
We use the following classical result.
Theorem 3.6. ([12], de Franchis-Severi Theorem). The set of dominant
maps from a ﬁxed curve to a (varying) curve of genus at least two is ﬁnite.
4. Bounds for the dimensions of Zq and Zqg .
In this section we want to give some lower bounds for the dimension
of the spaces Zqg and Zq =
�
g Z
q
g using our families. We call dimZq the
maximum dimension between those of the irreducible components of Zqg ,
varying g. We call gi(q) and qi(q), i = 1, 2, the ﬁbers genus and base
genus of the families of the theorem. By our construction it is clear that
(4.1) dimZqi (q)gi (q) ≥ dimF
q
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where, for every q , Fq = {curve with a ﬁxed point free automorphism} ⊂
Mq .
As consequence, if we consider the families with (q1(q), g1(q)), we
obtain
Proposition 4.1. For every q ≥ 2
dimZq ≥ dimFq .
Remark 4.2. Using 3.3 and (2.3), the relation (4.1) and the proposition 4.9
below are valid also if we consider qi(q, e) and gi(q, e) of 3.3. But in order
to avoid making notation dull reading we consider only the genera of the
theorem.
Proposition 4.3. Let q = ph + 1 ≥ 3 with p = min{r > 1 s.t. r |(q − 1)}.
Let
Fqet = { curve with an automorphism τ
s.t. π : C → C/ < τ > is e´tale} ⊂ Mq
then
dimFqet = 3h.
Proof. If a curve C of genus q has a ﬁxed point free automorpism τ of order
r and π : C → C/ < τ > is e´tale then r ≥ p. In fact by Riemann-Hurwitz
theorem we have
q − 1 = r(g(C/ < τ >) − 1).
Then r |(q − 1). So, by deﬁnition, r ≥ p.
Moreover we obtain
g(C/ < τ >) =
q − 1
r
+ 1 ≥ 2
and for every curve C � with this genus every e´tale covering of order r has
genus q .
So if we let
Fqr = { curve in F
q
et s.t. π has order r}
we have, using the fact that every curve of general type has only a ﬁnite
number of e´tale coverings,
dimFqr = 3(
q − 1
r
+ 1)− 3 ≤ dimFqp = 3h.
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So
dimFqet = dimF
q
p = 3h.
�
Remark 4.4. We observe that clearly Fqet ⊆Fq .
Remark 4.5. We can see that for every q ≥ 3
dimFqet ≥ 3.
Moreover if q is odd then we have
dimFqet = 3
�
q − 1
2
�
=
dimMq
2
and if q is even and q ≥ 4 then we have
3 ≤ dimFqet ≤ q − 1
because h =
q − 1
p
≤
q − 1
3
.
Clearly in general Fqet � Fq because it may happen that a power of a
ﬁxed point free automorphism τ has a ﬁxed point. Now we pay attention
to the case of hyperelliptic curves and we determine the dimension of the
space of hyperelliptic curves with a ﬁxed point free automorphism.
Proposition 4.6. Let q = rk − 1 be with r = min{m > 2 s.t. m|q + 1}
and
fHq = {hyperelliptic curve of genus q
with a ﬁxed point free automorphism } ⊆ Hq
where Hq is the space of hyperelliptic curves. Then
dim f Hq = 2k − 1.
Proof. For a hyperelliptic curve C , with afﬁne form associated y2 =
h(x), its equation in an afﬁne neighborhood of the points at inﬁnity is
w2 = k(x �), where x � = 1/x , w = x �g+1y and k(x �) = x �2g+2h(1/x �).
Moreover an automorphism ϕ : C → C descends to any automorphism
ϕ� : P1 → P1 such that the polynomial h is invariant for the action induced
by ϕ �. Moreover, if σ is the hyperelliptic involution, there is only another
automorphism of C which descends to ϕ �: it is σ ◦ ϕ .
Suppose that a curve C has an automorphism ϕ which induces an
automorphism ϕ � of P1 of order m . We can suppose that ϕ � is a rotation
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of order m with ﬁxed point 0 ∈ P1. Then C is a hyperelliptic curve with
afﬁne form given by of the following

y2 = (xm − 1)(xm − a1) . . . (xm − a 2q+2
m −1
), 2q + 2 ≡ 0 mod m
y2 = x(xm − 1)(xm − a1) . . . (xm − a 2q+1
m −1
), 2q + 2 ≡ 1 mod m
y2 = x(xm − 1)(xm − a1) . . . (xm − a 2q
m −1
), 2q + 2 ≡ 2 mod m.
We can see that the only case in which we can have a ﬁxed point free
automorphism is when 2q+2 ≡ 0 mod m , otherwise (0, 0) is a ﬁxed point.
In this case the automorphisms are�
ϕ(x, y) = (e
2π i
m x, y)
ϕ(x �, w) = (e−
2π i
m x �, (−1)
2q+2
m w)
and �
σ ◦ ϕ(x, y) = (e
2π i
m x,−y)
σ ◦ ϕ(x �, w) = (e−
2π i
m x �, (−1)
2q+2+m
m w).
So ϕ has a ﬁxed point for every m . While, if m > 2, σ ◦ ϕ has no ﬁxed
points if and only if q + 1 ≡ 0 mod m and its order is m � = 2
(−1)(m+1)+1
2 m .
We observe that if m = 2 there is no ﬁxed point free automorphism which
induces an isomorphism of P1 of order 2. So if we deﬁne
fHlq = {hyperelliptic curve of genus q with a ﬁxed point
free automorphism of order l} ⊆ Hq
then
dim( fHqm�) =
2q + 2
m
− 1
for every m|(q + 1). Clearly
dim( fHm
�
q ) ≤ dim(
fHr
�
q )
so we obtain
dim( fHq) = dim( fHr
�
q ) =
2q + 2
r
− 1 = 2k − 1
where r � = 2
(−1)(r+1)+1
2 r . �
Corollario 4.7. Let C be a curve of genus q = ph + 1 = rk − 1 ≥ 3 with
r and p as above. Then if
Fq = {curve with a ﬁxed point free automorphism} ⊂ Mq
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dimFq ≥ max{3h, 2k − 1} = max
�
3
�
q − 1
p
�
,
2q + 2
r
− 1
�
while dimF2 = 1.
Proof. The proof follows from previous propositions. We only observe that
every curve of genus 2 is hyperelliptic. �
Remark 4.8. If q is odd then p = 2 and r ≥ 3 so, using 4.5,
2q + 2
r
− 1 ≤
2q − 1
3
≤ 3
�
q − 1
2
�
.
Then
dimFq ≥ 3
�
q − 1
2
�
and if q is even and q = 3k − 1 then
dimFq ≥
2q − 1
3
.
In fact p ≥ 5 so
3
�
q − 1
p
�
<
2q − 1
3
as it is easy to see.
So by (4.1), 4.1 and the above considerations about the dimension of
Fq we obtain
Proposition 4.9. Let q = ph + 1 = rk − 1 ≥ 3 be with p, r as above.
Then, for every n,
dimZqn2q (nq−1)+1 ≥ max
�
3
�
q − 1
p
�
,
2q + 2
r
− 1
�
dimZn
2q (q−1)+1
nq ≥ max
�
3
�
q − 1
p
�
,
2q + 2
r
− 1
�
and
dimZ2n4(2n−1)+1 ≥ 1.
Finally we have
dimZq ≥ max
�
3
�
q − 1
p
�
,
2q + 2
r
− 1
�
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and
dimZ2 ≥ 1.
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